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Abstract: Single-step methods of orders four and six are derived for the numerical integration of general second-order 
initial-value problems y” = f(x,y,y’), y(x,,) = yo, y’(x,) = yd. The methods when applied to the test equation 
y” +2~uy’ + p2y = 0, (Y, p > 0, (Y + p > 0 are superstable in the sense of Chawla [l] with the exception of a finite 
number of isolated values of ph. Numerical results demonstrate the efficiency of the methods. 
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1. Introduction 
A single-step implicit method for a general second-order initial-value problem 
y” =f(~~y,y’L Y(%) ‘Yo, y’(xo) =y’(xo> (1.1) 
is defined in the form 
y,+1 =y, + hy,’ + h2&( X,,X,+l,Yn,Yn+l,Ynr,Y,l+l >, 
y,‘+1 =y,‘+ h~2(X,,X,+1~yn,yn+1,y~,Ynl+1), 0.2) 
where & and & are increment functions. When the method (1.2) is applied to the test equation 
y” + 2ay’ + p’y = 0, a, P 2 0, a+P>O 0.3) 
we get the characteristic equation 
P(O =m-wGN2 + mwf,)S+ wLfJ2) = 0 
with the roots c1,t2 and HI = ah, H2 = ph. 
Following Chawla [l], we define: 
o-4 
Definitions. (1) A region R in the first quadrant of the (HI, H,)-plane, HI > 0, H2 > 0, is called 
a region of absolute stability for a method, if for all HI, H2 E R, the roots of p(t) satisfy 
I Cl.2 I < 1. 
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(2) An interval J along HZ-axis is called an interval of periodicity for a method if, with Hi = 0, 
the roots ,$1,2 are complex conjugate and each of modulus one for all HZ E J. 
(3) An interval I along the Hi-axis is called an interval of (weak) stability for a method if, with 
H2 = 0, the roots ti,* are such that 5i = 1 and ) t2 ) -c 1. 
(4) A method is called super-stable if, for the method, the region of absolute stability is 
R = {(H,, Hz) : 0 < H,, Hz -c co} and both the intervals of periodicity and (weak)stability are 
I = J = (0, 00). 
By using the transformation 5 = (1 + z)/(l - z) and applying the Routh-Hurwitz criterion, it 
is known that the method: 
(a) has the region of absolute stability R, which is the set of all points in the (H,, HZ)-plane for 
which the expressions 
A-B+C, A - C, A+B+C 
have the same sign; 
(b) has a non-vanishing interval of periodicity J, if with HI = 0, A = C and 2A + B > 0 for all 
H,EJ; 
(c) has an interval of (weak) stability I if, with Hz = 0, A + B + C = 0, - 2 c B/A < 0 for all 
HI E I. 
Several authors have obtained methods of the type (a) or (b) or (c) separately by applying the 
methods to the special form of the test equation (1.3) for (Y = 0 or p = 0. However not many 
efforts have been made in developing methods by applying them to the general test equation 
(1.3). A version of the trapezoidal method for (1.1) was shown to be superstable by Chawla [l]. 
He also presented a two-step fourth-order superstable version of his earlier method given in [2]. 
However these methods need suitable starting procedures. The only known single-step method 
which satisfies all the requirements of a superstable method is Newmark’s method given by 
Y nil =Yn + AY, + ih2(fn +fn+A 
Y’ n+l =y,‘+ Nfn +fn+J (1.5) 
where f, = (xi, y,, yi’), i = n, n + 1. The method (1.5) is of second order. For this method, when 
applied to the test equation (1.3), we obtain the characteristic equation (1.4) with 
2 A = 1 + HI + +I&, B= -2++H;, C=l-H,++H.& 
It can be easily verified that the method (1.5) is a superstable method. No single-step superstable 
method of higher order is known so far (see [3, pp. 2101). 
In this paper we have derived single-step methods of orders four and six which are shown to 
be superstable except for one/two values of H2 where the method fails to be P-stable 
(J = (0, co)) in the sense of Lambert and Watson [5]. The numerical results, of three sample 
problems, obtained by using the present methods have been compared with those obtained by 
using Newmark’s method, Chawla’s [l] method and exact solution. The numerical results 
demonstrate the efficiency of the methods. These methods can be successfully used for solving 
general second-order initial-value problems when (Y = af/ay ’ and/or p2 = af/ay are negative 
and large. 
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2. Superstable methods 
Fourth-order method 
We write the method in the form 
Y ?7+1 =Y, + hy,’ + @*(f, + 2fn+i,z), 
Y’ ntl =Y; + %(A + %L+I,~ +A+,>, 
Yn+1/2 = i(Y, +y,+1) + NY,‘-Y,l+J, 
Y’ n+1/2 = :(Y,‘+Y,‘+l) + ML -L+1) (2.0 
having the truncation error terms 
&#y,(‘), -&h5yf), &h4y,‘4’ and &h4y,‘5’ 
in Y,+~, ~,l+~, yn+1/2 and ~,l+i,~ respectively. On applying the method (2.1) to the test equation 
(1.3) we obtain the characteristic equation (1.4) with 
A=l+H,+:H,2+AH22+~H~H22+~H24, 
B= -2-:Hf+sH,2-&H;, 
C=l-H,++H:+hH;-&H,H;+&H;. 
It is easily verified that 
(a) for HI > 0, H, > 0, A - B + C, A - C and A + B + C are all positive 
(b) for HI = 0, H2 > 0, A = C, 2A + B > 0, 2A - B > 0 except for Hi = 12 
(c) forH,=O, H,>O, A+B+C=Oand -2<B/A<O. 
Hence the method (2.1) is a fourth-order superstable method except when Hi = 12. We note that 
this fourth-order method is same as given in [4]. 
Sixth-order method 
We write the method in the form 
y,+i = Y,, + hy; + kh2 (f, + 5qf,+p + 5PL+J, 
y,‘+i =Y; + &h(f, + 5fn+, + sfn+, +fn+l), 
Y n+P = q~n+az~n+1+h(P1y,l-P2~;+1) + iioh’(r;,+f,+l), 
Y n+9 = 'y2yn+ (ylYn+l +h(P,y,'-P,Y,'+,) + i&‘(f,+f,+l)> 
Y ,‘+, = (6/5h)(yn+i -YJ + (Y1Y,‘- Y2Ynl+J + Mfn +fn+A 
Y ,I+,= &'5h)(~n+1 -Y*> - (Y2Ynl- Y1Y,‘+J - hY3(fn +fn+lL 
where 
p = (5 - Js)/lO, q = (5 + \/5)/K), 
(Y~ = (25 + 76)/50, a2 = (25 - 76),‘50, 
Pl = (6 -t- fi),‘SO, P2 = (6 - fi)/50, 
y1 = ( - 5 + 76)/50, y2=(5 +76)/50, y3 = 6/50. 
(2.2) 
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The truncation error terms associated with JJ,+~, y,l+r, Y,+~, yn+q, yi+P and y,‘,, are obtainded 
as 
&inh7.x?‘> - i&mh7y,‘8’, - - 
respectively. 
On applying the method (2.2) to the test equation (1.3), we obtain the characteristic equation 
(1.4) with 
A=l+H,+:H:+~5H22+~J173+~H~H22 
+&&f &H:H,'+&H,H,~+&I~, 
B= -2-+H;+&H,‘-&H;++,H;H;+&,H;, 
C=l-H,+:H,“+&H;-+H;-&HIH; 
+ AH; + &H~H; - &H,H; + &H;. 
It can be easily verified that the method (2.2) is superstable except when Hf = 10 and Ht = 60. 
3. Numerical comparison 
We have solved the following three problems: 
problem 1. y” + ky’ = 0,O < x 6 1, y(x) = (1 - eCk”)/k, k = 10, 30 and 50. 
Table 1 
Maximum absolute errors in problem 1 
k h Newmark’s Fourth-order Sixth-order Chawla’s 
method (1.5) method (2.1) method (2.2) Method [l] 
Y(X) Y’(X) Y(X) Y’(X) Y(X) Y’(X) Y(X) 
10 l/8 5.57( - 3) 5.57( - 2) 1.33( - 4) 1.33( - 3) l/44(-6) 1.44( - 5) 1.86( -4) 
l/16 1.21( - 3) 1.21( - 2) 7.77( - 6) 7.77( - 5) 2.15( - 8) 2.15( -7) 1.56(-5) 
l/32 3.02( - 4) 3.02( - 3) 4.89( - 7) 4.89( - 6) 3.41( - 10) 3.41( - 9) 1.13( -6) 
30 l/8 1.09( - 2) 3.28( - 1) 1.66( - 3) 4.98( - 2) 1.36( -4) 4.07( - 3) 1.79( - 3) 
l/16 4.oq - 3) 1.21( - 1) 2.01( - 4) 6.02( - 3) 4.73( - 6) 1.42( - 4) 2.39( - 4) 
l/32 9.97( - 4) 2.99( - 2) 1.38( - 5) 4.15( - 4) 8.53( - 8) 2.56( - 6) 2.27( - 5) 
50 l/8 1.03( - 2) 5.17( - 1) 3.02( - 3) 1.51(-l) 5.42( - 4) 2.71( - 2) 3.57( - 3) 
l/16 5.27( - 3) 2.63( - 1) 6.10(-4) 3.05( - 2) 3.65( - 5) 1.82(-3) 6.59(-4) 
l/32 1.74(--3) 8.68( - 2) 6.23( - 5) 3.12( - 3) 1.04(-6) 5.19( - 5) 7.92( - 5) 
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Table 2 
Maximum absolute errors in problems 2 and 3 
Problem h Newmark’s Fourth-order Sixth-order Chawla’s 
method (1 S) method (2.1) method (2.2) Method [l] 
Y(X) Y’(X) Y(X) Y’(X) Y(X) Y’(X) Y(X) 
2 T/l0 5.77( - 2) 5.91( -2) l.Ol( -4) 1.08( - 4) 7.75( - 8) 8.30( - 8) 1.19( -4) 
,rr/18 1.79( - 2) 1.92( - 2) 9.67( - 6) 1.04( - 5) 2.29( - 9) 2.45( - 9) 1.14( -5) 
3 l/8 8.09( - 8) 3.71( -7) 5.07( - 10) 4.83( - 10) 1.03( - 13) 3.74( - 13) 2.29( - 10) 
l/16 2.03( - 8) 9.20( - 8) 3.17( - 11) 3.01( - 11) 1.67( - 15) 5.91( - 15) 1.77( - 11) 
Problem2.y”+y+y3=Bcos9x,0~x~12a 
y(x) = ; A2r_1 cos((2i - l)fix), 
i=l 
A, = 0.200179477536, A, = 0.000246946143, 
A, = 0.000000304014, A, = 0.000000000374, 
A, =O.OOOOOOOOOOOO, B= 0.002, Q=l.Ol. 
Problem 3. y ” = -2eyy’, 0 < x 6 1, y(x) = 1/6(X + l), E = lo4 
using 
(i) the present methods (2.1) and (2.2) 
(ii) Newmark’s method (1.5), 
(iii) Chawla’s [l] method (p = l/118). 
Using various step sizes. Since Chawla’s [l] method is a two-step method, the value at the first 
step has been calculated from the exact solution. The maximum absolute errors for y(x) and 
y’(x) are listed in Tables 1 and 2. For the nonlinear problem, we have taken the initial 
approximation y, + 1 = y,, y,‘, 1 = y,’ and have used Newton’s method with an error tolerance of 
lo-‘. All the computation has been done on ICL 2960 computer in double precision. 
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